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Abstract. In this paper, we give an alternative proof for the conver- 
gence of Kahler-Ricci flow on a Fano mnaifold (A/, J). This proof differs 
from that in [TZ3]. Moreover, we generalize the main theorem of [TZ3] 
to the case that (M, J) may not admit any Kahler-Einstein metrics. 



1. Introduction 

In this paper, we use Perelman's W- functional in [Pe] to study the con- 
vergence of Kahler-Ricci flow on a Fano mnaifold. We want to prove 

Theorem 1.1. Let (M, J) be a compact Kahler-Einstein manifold with pos- 
itive first Chern class c\(M) > 0. Then for any initial Kahler metric g 
with Kahler class 2ttc\{M), Kahler-Ricci flow converges to a Kahler-Einstein 
metric in the C°° -topology. Moreover, the convergence can be made expo- 
nentially modulo a holomorphism transformation on (M, J). 

Theorem 11.11 was first announced by G. Perelman when he was visiting 
MIT in the Spring of 2003. In [TZ3], we gave a proof of Theorem 11.11 by 
using an inequality of Moser-Trudinger type established in [Tl] and [TZiy. 
The main purpose of this paper is to give an alternative proof of this theo- 
rem. This new proof does not use the inequality of Moser-Trudinger type. 
Moreover, our proof also yields a generalization as follows: 

Theorem 1.2. Let (M, J) be a compact Kahler manifold with positive first 
Chern class ct(M) > 0. Suppose that there exists a Kahler metric go with 
Kahler class 2ttc\{M) such that Kahler-Ricci flow with the initial metric go 
converges to a Kahler-Einstein metric gKE in the C°° -topology, which may 
not be compatible with J. Then for any initial Kahler metric g with Kahler 
class 2ttci{M), the Kahler-Ricci flow converges to gKE in the C°° -topology. 
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%e need to add more details about how to use the Moser-Trudinger typed inequality 
in the case that M has non-trivial holomorphic fields, . 
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Theorem 11.21 implies that the convergence of Kahler-Ricci flow is indepen- 
dent of the choice of initial Kahler metrics with Kahler class 2irci (M) . The 
main idea in the proof of Theorem 1.1 and Theorem 1.2 comes from [TZ4], 
where we used Perelman's VF-functional to study the stability of Kahler- 
Ricci flow on a Fano manifold. Recently Sun and Wang obtained a more 
general result for the stability [SW]. Our proof depends on certain asymp- 
totic estimates for the minimizing functions (we call /(-functions) defined by 
the W- functional associated to evolved metrics gt of Kahler-Ricci flow. Our 
estimates depend only on the lower bound of Mabuchi's K-eneigy on the 
space of Kahler potentials on (M,J) [Ma]. If (M, J) is a Kahler-Einstein 
manifold, Bando and Mabuchi proved that the K-energy is bounded from 
below ([BM], also see [DT]). Recently, in [Ch], Chen gives a generalization 
of this. In fact, Chen's result will be used in the proof of Theorem 1.2. 

The organization of this paper is as follows: In Section 2, we outline an 
approach of proof to Theorem 1.1. In Section 3, we recall the W- functional 
and discuss some of its applications to Kahler-Ricci flow (cf. Proposition 
3.3 and Lemma 3.4). In Section 4, we give some estimates for /^-functions 
along the Kahler-Ricci flow. Theorem 1.1 and Theorem 1.2 will be proved 
in Section 6 and Section 7, respectively. In Section 5, a stability result for 
Kahler-Ricci flow, Proposition 2.1, will be proved. Section 8 is an appendix 
in which we give a C°-estimate for /^-functions. 

Acknowledgements. Part of the work for this paper was done when both 
authors were visiting the Simons Center for Geometry and Physics at Stony 
Brook in early 2011. The authors would like to thank people there for 
hospitality and excellent working condition. 

2. An approach of continuity method to Kahler-Ricci flow 

Let [M , J) be an re-dimensional compact Kahler manifold with positive 
first Chern class c\{M) > and g be a Kahler metric with its Kahler class 
equal to 2ttc\{M). We consider the (normalized) Kahler-Ricci flow (abbre- 
viated as KR-flow): 

(2.1) ^ = -RicGKt)) + g(t), g(Q) = g. 

It was proved in [Ca] that (|2.ip has a global solution g t = g{t) for all time 
t > 0. For simplicity, we denote by (gt',g) a solution of (|2.ip with initial 
metric g. 

Now we assume that (M, J) admits a Kahler-Einstein metric ujke with 
Kahler class 2ttci(M). 

Proposition 2.1. Let (M, J) be a Kahler-Einstein manifold with positive 
first Chern class c\(M) > and g^E be a Kahler-Einstein metric on (M,J) 
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with its Kdhler form uj 9ke G 2ttc\{M). Then there exists a number 5 > 
which depends only on gxE such that for any Kdhler metric g on (M, J) 
with Kdhler form oo g G 2-7rci (M) satisfying 

( 2 - 2 ) h - 9ke\\c 3 (m) < 8, 

KR-flow (gt',g) converges to gxE globally in the C°° -topology. 

Proposition 12.11 is a special case of more general stability theorem on 
Kahler-Ricci flow on a Fano manifold, which was recently proved by Sun and 
Wang by using an inequality of Lojasiewicz type for the Kahler-Ricci flow 
[SW]. We note that Proposition 12.11 was also proved by the second named 
author if the condition (2.2) is replaced by certain condition on Kahler 
potentials [Zhu]. In this paper, for the readers' convenience, we will include 
a proof of Proposition 12.11 in Section 5. Similar argument will be used in 
proving Theorem 1.2. Here we denote by \\g — g'\\c i (M) the norm: 

\\9-9'\\ci{M) = inf{|s - <S>*(g')\ct(M)}, 

where $ runs over all diffeomorphisms of M and \g% — g2\c e (M) denotes 
the C -norm between two tensors g\ and g2 on M. The convergence of 
Riemannian metrics in the C°°-topology means the convergence in all C £ - 
norms || • 

We can write 

oj g = = lo 9ke + \[-idd<$> G 2vrci(M) 
for a Kahler potential <ft on [M , J) and we define a path of Kahler forms 

Lo s = U) 9KE + sV^lddcf). 

Set 

I = {s G [0, 1] | (gt;u) s ) converges to gxE in the C°° — topology}. 

Clearly, it follows from Proposition 12.11 that / is not empty. We want to 
show that / is both open and closed. It follows that I = [0, 1]. Theorem 1.1 
will follow from this. 

The openness of I follows from the following corollary of Proposition ^. II 

Corollary 2.2. Let (M, J, ui gKE ) be a Kdhler- Einstein manifold with u gKE G 
2nci(M) > 0. Suppose that there exists a Kdhler metric go on (M, J) with 
Kdhler class 2irci(M) such that KR-flow (gt',go) converges to gKE in the 
C°° -topology. Then there exists a 5 > which depends only on gxE <ind 
go such that for any Kdhler metric g on (M, J) with Kdhler class 2ttc\ (M) 
satisfying 

(2-3) \\g ~ 9a\\c3(M) < ^ 
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KR-flow (gt;g) converges to gxE in the C 00 -topology. 

Proof. By the assumption, we can choose T sufficiently large such that if gt 
is the solution of (|2.ip with initial metric go, then 

n~ n d 

\\9t - 9ke\\c z {M) < g> 

where 5 is a small number determined in Proposition 12. 11 Since the Kahler- 
Ricci flow is stable for any fixed finite time, there is a small e > such that 
whenever \\g — go He 3 (A/) < e, we have 

ii - ii 6 
\\9T ~ 9t\\c 3 (M) < 

Hence, we have 

(2-4) \\9t ~ 9ke\\c 3 (m) < 

Then the flow {gugr) with initial gx will converge to gxE in the C°°- 
topology according to Proposition 12.11 This proves the corollary. □ 

It remains to prove 
Theorem 2.3. I is closed. 

This will be proved in Section 6. 

3. Perelman's W-functional 

In this section, we review Perelman's W- functional in [Pe]. The W- 
functional is defined for triples (g, f, r) on a given closed manifold M of 
dimension m, where g is a Riemannian metric, / is a smooth function and 
r is a constant. It is defined as follows: 

(3.1) W(g, /, r) = (4vrr)- m / [r(R(g) + | V/| 2 ) + / - m]e^dV g , 

where R(g) denotes the scalar curvature of g. We also normalize the triple 
(9, f, t) by 

(3.2) (4vrr)- m I e~ f dV g = (Attt^V. 

Jm 

In our situation, since M is a compact Kahler manifold of complex dimension 
n, we further have the following normalization of the volume of g: 

(3.3) f dV g = (2vrr / ci(M) n = V. 
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Note that m = In. Then the VF-functional depends only on a pair (g, f) 
and can be reexpressed as follows: 



W(gJ) = W(gJ,±) + (2TT)- m mV 



(3.4) 



(2vr)- m / [l(R(g) + \Vf\ 2 ) + f]e-fdV g , 
JM 1 



where (g,f) satisfies (|3.2p with r = | and f|3.3|) . Note that f|3.3[) holds 
automatically for certain geometric problems, for example, metrics which 
evolve along a normalized Ricci flow. 

Following Perelman, we define an entropy A (g) by 

X(g) = M{W(g,f)\ f satisfies (I3T21)}. 

It is well-known that X(g) can be attained by some / (cf. [Ro]). In fact, 
such a / satisfies the Euler-Lagrange equation of W(g, •), 

(3.5) Af + f + ^(R-\Vff) = AG/). 

Following a computation in [Pe], we can deduce the first variatiorJl of A(-), 



(3.6) 5\(g) 



[ <5g,mc{g)-g + V 2 f>e-fdV g , 

JM 



where Ric(g) denotes the Ricci tensor of g and V 2 / is the Hessian of /. It 
follows from (|3.6p that g is a critical point of A(-) if and only if g is a gradient 
shrinking Ricci soliton, namely, g satisfies 

(3.7) Ric(<?) + V 2 / = g, 

where / is a minimizer of W(g, •). 

Next we will prove the uniqueness of solutions for (13.50 if g is a gradient 
shrinking Ricci soliton. 



Lemma 3.1. If g satisfies (|3.7f) . then any solution of (13. 5p is equal to 
the function f in (|3.7p modulo a constant. Consequently, the minimizer of 
W(g, •) is unique if the metric g is a gradient shrinking Ricci soliton. 

Proof. Let at be an one-parameter subgroup generated by the gradient field 

X = ^ 9 f = U j fj^. 
2 2 dxi 

2 It is not obvious that A(-) is differentiable. This can be proved by using the comparison 
principle and the regularity results we have on p.5[) (see Lemma 3.5 below and Appendix 
in Section 8). Here we just compute its first variation at those g where A is smooth. This 
is the case when the minimizer / is unique. It is sufficient for us in this paper. 
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Put g(t, •) = a*g. Then g(t, •) is a family of Ricci solitons and g satisfies 
the normalized Ricci flow, 

|f = L (a-%x9 = -RH9)+9- 

Let /' be another solution of (13.51) and pt be an one-parameter subgroup 
generated by the gradient field 

2 9 

Set g' = p*g(t, •). Then g' satisfies a modified Ricci flow: 
dg' 

— = -Ric(g') + g - L {p -^ x ,g' 
= -mc(g') + g'-V 2 ptf. 

Clearly, (ot° pt)* f satisfies (j3.5j) with g t := {a t opt)*g in place of g. There- 
fore, using the first variation of the functional W and its invariance under 
diffeomorphisms, we have 

Q = dW{(at o ptfg, (at o ptYf) 
dt 

= - I < % Ric(^) -gt + V 2 (a t o > e -^°^f'dVg t 

= [ \m C (gt)-gt + V\atop t fffe-^°^f'dV k . 

JM 

It follows 

Ric( 5 ) - g + V 2 /' = 0. 
Hence, /' = / + const.. □ 

As a converse to Lemma I3.1L we have 



Lemma 3.2. Let g be a gradient shrinking Ricci soliton and f be the func- 
tion in (|3.7p for g. Then f satisfies (|3.5p . 



Proof. Differentiating (|3.7p and applying the second Bianchi identity, we 
have 

V-iR = 2Rijfj. 

It follows 

V, /.' + -If,,/, - I'/, = 2(R ij + fij - gij )fj = 0. 

This implies 

R+ |V/| 2 -2/ = const, 
and consequently, by using (|3.7p , we deduce that / is a solution of (j3.5[) . □ 



CONVERGENCE OF KAHLER-RICCI FLOW ON FANO MANIFOLDS, II 7 

Proposition 3.3. Let (M, J, qke) be a Kdhler- Einstein manifold with Kdhler 
class 2irc\(M). Then gxE is a global maximizer o/A(-) in the space of Kdhler 
metrics (g,J r ) on M with Kdhler class 2irc\(M). 

Proof. By Lemma 13.11 the minimizer / of W(gKE,-) must be a constant. 
As a consequence, / = because of the normalization condition ()3.2p . Thus 
for any Kahler metric g with Kahler class 2ttc\{M), we have 

Kqke) = W(g K E,0) = W(g,0) 

>mf{W(g,f)\ [ e'fdVg = V} = X(g). 
JM 

Here we have used the fact: 

W(g,0)= n(27r)- 2n [ Ric^A^" 1 
JM 

= n(27r)- 2n [ Ricfe)A^ = n(2^r 2n V. 
JM 

□ 

The following is a direct corollary of Proposition 3.3 by using the Kahler- 
Ricci flow. 

Lemma 3.4. Let (Jq^ke) o,nd (J,g) be a Kahler- Einstein metric and a 
Kahler metric on M with 2irci(M) as both Kdhler classes. Suppose that 
X(g) > ^(9ke)- Then g is a Kdhler- Einstein metric with respect to the 
complex structure J. 

Proof. Let g(t, •) be a solution of (12. If) with the initial metric g. Then by 
the monotonicity of A(g) along the Ricci flow [Pe] ( see (3.6) or ()3.8p below), 
we have 

X(g(t,-)) > A( 5 ), Vt >0. 
Thus by Proposition 3.3, we see 

\(g(t,-)) = \{g KE ), Vt >0. 

Again by (3.6), it follows that g(t, •) are all gradient shrinking Ricci solitons. 
Moreover, the Kahler condition implies that g(t, •) are in fact all Kahler-Ricci 
solitons. Therefore, by the uniqueness of Kahler-Ricci solitons [TZ2], we see 
that g(t, •) are all the same modulo automorphisms of M, and consequently, 
g is a Kahler-Ricci soliton with respect to some holomorphic field X induced 
by a Hamiltonian function / which satisfies (3.5). On the other hand, 

Hg) = W(g,f) = W(g,0) = \(g KE ). 

This implies that / = since the minimizer of W(g, •) is unique according 
to Lemma 3.1. Hence, g is a Kahler-Einstein metric with respect to the 
complex structure J. 
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□ 

We will end this section by a well-known fact, which follows from the 
monotonicity of Perelman's entropy A(-). For the readers' convenience, we 
include its proof. 

Lemma 3.5. Let gt = g(t, •) be a solution of (|2.ip on M . Suppose that 
there exists a sequence gi of gt converging to a limit Riemannian metric g^ 
in the C 3 -topology. Then g^ is a Kdhler-Ricci soliton with respect to some 
complex structure Joq. 

Proof. By the assumption, there exists a sequence of diffeomorphisms of 
M such that 

\%9i - 9oo\c s (M) -> 0. 

It follows that after taking a subsequence if necessary, ('I'" 1 )* • J • (^i)* 
converges to an integral complex structure Jqo in the C 3 -topology. The 
standard regularity theory implies that Joo is in fact analytic. By (3.6), we 
have 

(3-8) jX{g t ) = J k*(Ric( 5t ) - g t + V 2 f t )\l tg dV atg , 

where ft are minimizing solutions of (3.5) associated to metrics gt and at is 
the family of diffeomorphisms of M generated by the time-dependent vector 
field 7}V gt ft. Since 

m 

X(gt)<W(g t ,0) = {2it)- m -V 

is bounded from above, there exists a sequence of cti such that as i tends to 
oo, \ai — i\ — > and 

(3-9) / |Ric( 5Ql ) - g ai + V 2 f at \ 2 ga dV gat -> 0. 

JM 

Since the Ricci flow depends continuously on initial metrics, we may 
choose do > such that 

(3-10) \^i9a t ~ 9oo\c 3 (M) < ^0 

as i — > oo. On the other hand, by Proposition 8.1 in our Appendix, we know 
that ft are uniformly bounded. Thus by applying the regularity theory of 
elliptic equations to (8.1) in Appendix and using (|3.10j) . we get 

II**/JI C 4,1 (M) < C 

for some uniform constant C. Hence, by taking a subsequence if necessary, 



i 



there exists a C 4, 2 -smooth function such that 
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in the C 4 -topology. Then it follows from (j3.9H 

Ric(goo) - goo + V 2 /oo = 0. 

By the regularity theory is actually smooth. Furthermore, since is 
Kahler, the gradient vector field V/oo has to be holomorphic. This proves 
that g^ is a Kahler-Ricci soliton. 

□ 



4. Estimates for /-function 

In this section, we derive some a priori estimates for the /t-functions 
solving (3.5) associated to the KR-flow (2.1). Since the flow preserves the 
Kahler class, we may write the Kahler form of gt as 

for some Kaher potential (j) = <pt- Furthermore, as usual, one can choose 
4>t appropriately such that (2.1) is reduced to a parabolic complex Monge- 
Ampere flow for <p(t, •) = 4>t, 

where h! = — 5^|t=o is a Ricci potential of the initial metric g. It is easy to 
check that each ^ is a Ricci potential of gt- We set ht = — ^ + q for some 
constant q so that 

(4.2) / e h ^ gt = [ co^ 

JM JM 

The following estimates are due to G. Perelman. We refer the readers to 
[ST] for their proof. 

Lemma 4.1. There are constants c and C depending only on the initial 
metric g such that (a) diam{M,gt) < C; (b) vol(B r (p), gt) > cr 2n ; (c) 
INb°(M) < C; (d) \\Vh t \\ gt < C; (e) [|A^[| c o (M) < C. 

Under the assumption that the K-energy is bounded from below, we can 
improve the above estimates as follows. 

Proposition 4.2. If in addition the K-energy is bounded from below on the 
space of Kahler potentials on (M, J) in Lemma 4-1- Then we have: 

(a) lim^oo 1 1 h t \\ c o ( A/) = 0; 

(b) lim^oo ||V/i t || 9t = 0; 

(c) Hindoo \\Ah t \\co(M) = °- 
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Proof. Recall that the K-energy fi(-) is defined for a Kahler potential <fi on 

(M, J) by 

m(# = - / / ^(%)-n) w ;, 

JO JM 

where V's is a path of Kahler potentials on (M, J) and R(ip s ) denote scalar 
curvatures of Kahler forms oo^ s . Then for a family of Kahler potentials 
4> = (fit in (4.1), we have 

<W) _ f lX7h ,2 n 

-&-—} \Vht\ gt u gt . 



Thus by the lower bound of /it(-), one sees that there exists a sequence of 
ti € [«, i + 1] such that 

(4.3) lim tffo) = lim / IW^.u^. = 0. 
Since il(£) satisfies a differential equation, 

for some uniform constant (cf. [CT2], [PSSW]), it is easy to derive 

(4.4) lim/jV^^O. 



Let 

V Sm 

By using the weighted Poincare inequality in [TZ3], we have 

/ hh ht < < / \Vh t \ 2 gt e h *ul. 
Jm Jm 

It follows from (c) in Lemma 4.1, 
(4.5) 

We claim 

(4.6) lim \\ht\\c°(M) = 0- 

So we get (a) in our proposition by the normalization condition (4.2). In 
fact the claim follows from an inequality 



2 , , n ll 



(4-7) \\h\\ n ^\ M) <C\\Vh t \\l[Jji 

(4.7) can be proved by using the non-collapsing estimate (b) in Lemma 4.1 
(cf. [PSSW], [Zh]). By (d) in Lemma 4.1, the claim follows. 
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Next, set 



n 



at = -L di U » 



a direct computation shows 
It follows that 



e t a t -aQ= I e s \Vh s \ 2 oj™ f\ ds. 
Jo 



On the other hand, since the K-energy is bounded from below, as in [CT1] 
or [TZ3], we can normalize h! in (4.1) by adding a suitable constant so that 



JM JO JM 



tiu" = - / / IVhtte-'culAdt. 



Thus we get 

/oo 
e*" s |V/i s |^a;™ A ds ->• 0, as t ->• oo. 

Hence, by (a) in our proposition, we also get 

(4.9) lim||f || c o W = 0. 

Now (b) and (c) follow from the standard gradient and Laplacian estimates 
for the Kahler-Ricci flow which can be derived by using the Maximum princi- 
ple as in [Ba], [Tl]. For instance, the following lemma was proved in [PSSW] 
and can be applied to complete the proof of (b) and (c). 

□ 

Lemma 4.3. ([PSSW]) There exist 5, K > depending only on the dimen- 
sion n with the following property: For any e > with e < 5 and any t > 0, 
if 

l|-^-Hc°(M) < e> 

then 

l|V/i t+ 2|| 9i+2 + ||A/i t+2 ||cfO(Af) < Ke. 

From Proposition 4.2, we can deduce 

Proposition 4.4. Suppose that the K-energy is bounded from below. Then 
there exists a sequence of U G + 1] such that 

(a) limt^oo \\Afti\\L2(M,u gt .) = °/ 

(b) limti-wo l|V/t i ||i,2(Af, w j = 0; 

(c) lim ti _ HX) / M / { .e-^iw^. = 0. 



12 GANG TIAN AND XIAOHUA ZHU* 

Proof. Let at be the family of diffeomorphisms generated by the time-dependent 
gradient vector field gt ft- Then by (3.6), we have 

j t \(g t ) = j M a? (IBicOh) -g t + V 2 f t \ 2 e-f*)[o-Uu 9t )} n , 
= I |Ric( 5t )- 5t + vV4 e_/t <- 

JM 

It follows from (2.1) that 

Since \(gt) < (2ir)~ n nV are uniformly bounded, we see that there exists a 
sequence of U 6 [«, i + 1] such that 

lim / \A(f ti -h u )\ 2 e-^iol. =0. 

Thus by Proposition 4.2, we will get (a). Here we used the fact that ft are 
uniformly bounded according to Proposition 8.1 in Appendix. Moreover, by 

/ |V/.| 2 < = " / ft A ft"g t <C([ lAftl^) 2 , 

JM JM \JM / 

Thus we get (b) from (a). 
Define 

ft = ft -^7 [ fte ht oj n t . 

v JM 

By using the weighted Poincare inequality in [TZ3], we have 

/ f?e h *ojl<2[ |V/ t |VX ( <C[/ |A/ t | 2 u£]i 

JM JM JM 

Hence, by using (a) and the boundedness of h t , we can deduce 
(4.10) / f 2 u n -»• 0, asi^oc. 

JM 



Since 



we have 



' M 

-Aft = -Af t = f+\{R- |V/| 2 ) - \{g) < C, 



-A/+ < C, 

where / t + = max{/ t ,0}. By using the standard Moser's iteration, we can 



derive 



/f + < C"\\ff\\ L 2 (M)gt) < C"\\ft\\ L 2( M ,gt) 
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Thus by we get 

(4.H) JimJ|/+|| c o (M) =0. 

Let ff = min{/j,0}. Since ft is uniformly bounded and h% converges to 
0, it follows from J M f t e ht ojg t = 

lim / fru" =0. 

Thus 

I / ke~ ! ^l\ < [ f£e~^ + / (-fije-^ 

JM 1 JM+ 1 JM- 

-fti,., n Xeiinc^ 1 : 



JM M JM 

(4.12) -)■ 0, as ti -> oo. 

Here we denote M + = {/ ti > 0} and M - = {ft t < 0} and we used the fact 
that / are uniformly bounded. By (4.12) and the normalization condition 
(3.2), we will get the property (c) since ft differs from f t by a function c(t) 
with limj_ i . 00 c(tj) = 0. 

□ 

Definition 4.5. T/ie energy level L(g) of entropy A(-) along the KR-flow 
(gt',g) with an initial Kahler metric g is given by 

L(g) = lim \{g t ). 

t— voo 

By the monotonicity of X(gt), we see that L(g) exists and it is finite. In 
case that the K-energy is bounded from below, from Proposition 4.4 together 
with Proposition 4.2, we get 

Corollary 4.6. Suppose that the Mabuchi's K-energy is bounded from below. 
Then 

L( g ) = (27t)- n nV = sup{A( 5 ')l £«V G 2ttci(M)}. 

The above corollary shows that the energy level L(g) of entropy A(-) does 
not depend on the initial Kahler metric g. 

5. Proof of Proposition 12.11 

The proof of Proposition 12.11 depends on the following uniqueness result 
recently proved by Chen and Song in [CS]. This more general uniqueness 
has been conjectured by the first named author in [T2]. Note that the 
uniqueness of Kahler-Einstein metrics on a Fano manifold was proved by 
Bando and Mabuchi in 1985 for a fixed complex structure [BM], 
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Theorem 5.1. ([CS]) Let (M, J) be a compact Kdhler manifold with c\{M) > 
0. Suppose that there are two sequences of Kdhler metrics with Kdhler class 
2nci(M), which converge to Kdhler- Einstein metrics {g\,J\) and (52,^2) in 
the C oc -topology, respectively. Then {g\,J\) is conjugate to (92^2) by a 
diffeomorphism of M . 

Remark 5.2. In [CS], Chen and Sun also showed a version of Theorem 5.1 
for Kdhler metrics with constant scalar curvature and integral Kdhler class. 

Remark 5.3. In fact, we only need a much weaker version of Theorem 5.1 
in order to prove Proposition 2.1. Such a weaker version can be proved by 
using the deformation theory. 

Proof of Proposition ^. 1\ Let gt = g(t, •) be a family of evolved Kahler met- 
rics of KR-flow (gt',g). We claim that there exists 5 > such that if g 
satisfies (2.2), then 

(5-1) list - 9ke\\c*(M) < e (<5)> V t > 0, 

where e(5) — >• as S — >• 0. We will use an argument by contradiction from 
[TZ4]. On contrary, we may find a sequence of Kahler metrics g 1 on (M, J) 
with Kahler forms in 2ivc\(M) and a sequence of diffeomorphisms ^ on M 
which satisfy 

(5-2) M9 i ~ 9ke\cA{M) ->0, 

such that there exists a number eo > and a sequence of Kahler metrics 
g l (U,-) with property: 

(5-3) \\g\. -gKE\\c 3 (M) > £ o, 

where g\. is a solution of KR-flow (gl;g l ) at time ij. Moreover, by the 
stability of Ricci flow in finite time and by the continuity of the Ricci flow, 
one can choose the number eo arbitrary small in (5.1) and can further assume 
that g\. satisfies 

(5-4) 2e > \g\. - gKE\\c3(M) > e o- 

In particular, curvatures Rm(^) are uniformly bounded. Thus by the reg- 
ularity of Ricci flow [Sh], ||Rm(g|.)|| fc _ 2 1 are uniformly bounded for 

1 C •^(M,gt i ) 

any k > 2. Hence by Cheeger-Gromov's compactness theorem (cf. [GW]), 
one sees that there exist a subsequence g^ of g l t . and a sequence of dif- 
feomorphisms §i k on M such that &* k g^ converge to a limit Riemannian 
metric g^ on M in the C fc '2-topology. Clearly by (5.4), it holds 

(5.5) 2e > \\goo - gKE\\c^(M) > eo- 
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On the other hand, again by (5.4), the sequence of induced complex struc- 
tures (&~^)+- J-(3>i fc )* (maybe after taking a subsequence of i], ) will converge 

to a C k ' 2 -differential complex structure Jqo on M. By the regularity, Jqo is 
analytic. Moreover, one can show that g^ is Kahler with respect to Joq. 

By the monotonicity of A(-) along the flow (see (3.8) in Section 3), we 
have 

X(g^)<X(g^). 

It follows 

X( 9oa ) >limA(<f*) > X{g KE ). 
% h 

Thus by Lemma 3.4, we see that g^ is in fact a Kahler-Einstein metric 
on (M, Joo). Now by Theorem 5.1, (gooiJoo) is conjugate to (gxE,J) by 
a diffeomorphism on M. But this contradicts to (5.5). The contradiction 
implies that (5.1) is true. 
By (5.1), we have 

(5-6) \\g t - 9 ke\\cz{m) < eo < 1, V t > 0. 

Thus, there exists a sequence {gt t } of gt which converges to a limit Rie- 
mannian metric g^ on M in the C 3 -topology. Hence by Lemma 3.5, g^ is 
a Kahler-Ricci soliton. Moreover, by Corollary 4.6, X(goo) = (2Tr)~ n nV = 
X(gKE) since the K-energy is bounded from below [BM], [DT], and conse- 
quently, by Lemma 3.4, g^ must be a Kahler-Einstein metric. Therefore, 
by Theorem 5.1, we conclude that g^ is conjugate to gKE by a diffeomor- 
phism on M. Finally, The uniqueness of limit g^ enable us to prove that 
the KR-flow (gt',g) globally converges to gKE- Proposition 12.11 is proved. 

□ 

6. Proof of Theorem 12.31 

Proof of Theorem 2.3. By Corollary 2.2, there exists a tq < 1 with [0, to) C 
/. We need to show that to G I. In fact we want to prove that for any 5 > 
there exists a large T such that 

(6.1) \\g s t - gKE\\c 3 (M) < V t > T and s < t . 

As we did for Proposition I2.1|. we will prove it by contradiction. Suppose 
that we can find a sequence of Kahler metrics g 8i , where Sj — > tq and ti —> oo, 
of KR-flows (g^;g Si ) and a sequence of diffeomorphisms Vl/j on M such that 

(6-2) " 9ke\cHm) > So > 0, 

for some constant 5q. Since the KR-flows (g^*; <? Si ) converge to gxE, we may 
further assume that g s * satisfy 

(6.3) \V*g s l - g K E\c*{M) < 26 . 
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Then it follows from Cheeger-Gromov's compactness theorem that there is a 
subsequence g^. k of g\ converging to a Kahler metric (goo, Joo) with property 



(6-4) 25 > Wg^ - 9ke\\c^[m) > $o- 

We claim that (goo, Joo) is a Kahler-Einstein metric. By Lemma 3.4, we 
only need to show that X(g (X> ) = \(gKE) = (2ir)~ n nV . It follows from 
Corollary 4.6 and the monotonicity of X(gl°) that for any e > 0, there exists 
T > such that 

\(g?)>(2K)- n nV- e -, Vi>T. 

Since Kahler-Ricci flow is stable in finite time and X(gf) is monotonic in t, 
there is a small 5 > such that for any s > tq — 5, we have 

(6.5) X(g s t ) > (2Tr)~ n nV - e, V t > T. 
Since Sj — > To and ti — > oo, we conclude that 

lim X(gtl) = (27r)- n nV. 

By the continuity of A(-), it follows 

(6.6) X(goo) = (27r)- n nV = X(g KE ). 

This proves the claim. 

Now by Theorem 5.1, we see that (goo, Joo) is conjugate to (gxE,J) by 
a diffeomorphism on M. But this contradicts to (6.4). This contradiction 
implies that (6.1) is true. 

By (6.1), we have 

(6-7) \\gl° - g K E\\cHM) < <$o < 1, V t > T. 

Thus, there exists a sequence {fl£ } of g T ° which converges to a limit Rie- 
mannian metric goo on M in the (7 3 -topology. Hence, by Lemma 3.5, goo 
is a Kahler-Ricci soliton. Moreover, by Corollary 4.6, X(goo) = (2i:)~ n nV , 
so goo must be a Kahler-Einstein metric. Therefore, by Theorem 5.1, we 
conclude that goo is conjugate to gxE by a diffeomorphism on M. Finally, 
the uniqueness of limit goo enable us to prove that the KR-flow (g^' ; g TQ ) 
globally converges to gxE- This shows To G /. 

□ 

Completion of proof of Theorem 1.1. We have shown that / = [0, 1], so the 
first part of Theorem 1.1 is proved. The second part of Theorem 1.1 is 
known (cf. [PS], also see [CT2]). For the reader's convenience, we outline 
its proof. Since the limiting complex structure Joo is conjugate to J, by 
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an estimate (3.11) in [PS], one sees that there exists two uniform constants 
C, 5 > such that 

(6.8) / \Vht\ 2 gt ^ t < Ce~ s \ Vt > 0. 

J M 

Moreover, by using (6.8), one can further derive 

/ \V p h t \ 2 gt u>l < C v e-^\ V t > 0, 

J M 

where p > is any integer and two uniform constants C p , S p > depend 
only on p (cf. [CT2], [PS], [Zhu], etc). By using the Sobolev embedding 
theorem, it follows 

\\h ~ a\\ c o iM ) < C'e- S '\ V t > 0, 
for some constant a. As a consequence, we get 

Ut-^l M ^ KE \\co {M) <C". 

Using this, we can prove that all C^-norms of <pt decay exponentially. Hence, 
<f>t are convergent and the corresponding metrics u)^ t converge exponentially 
to a Kahler-Einstein metric g' KE on (M, J). By the uniqueness theorem on 
Kahler-Einstein metrics, g' KE must be conjugate to gxE by a holomorphism 
transformation. The proof of Theorem 1.1 is completed. 

□ 

7. Proof of Theorem 11.21 

As in the proof of Theorem II. 1| we consider a path of Kahler forms 
uj s = uj go + s\/—lddcp with oj g = uj 90 + \/—lddcp and set 

I = {s £ [0, 1]| KR-flow (gf;uj s ) converges to gxE in the C°°-topology}. 

By the assumption, £ I. We shall show that / is both open and closed. 

The following lemma should be due to Chen [Ch]. It generalizes Bando- 
Mabuchi's result about the lower bound of K-energy [BM]. 

Lemma 7.1. // there exists a sequence of Kahler metrics on (M, J) with 
Kahler class 2nci(M) converging to a Kahler-Einstein metric gxE for some 
complex structure J$ in the C 00 -topology, then Mabuchi's K-energy is bounded 
from below on the space of Kahler potentials on (M, J) . 

Proof. By our assumption, there are diffeomorphisms of M such that 
K'Jj" 1 )*- J -(^i)^ — Jo\c k (M) converge to ( V k > 0). Then an observation of 
Szekylihidi in [Sz] implies that there exists a smooth holomorphic fibration: 
7r : Y i — y D, where D denotes the unit disc in the complex plane, such that 1) 
tt^ 1 (z) is boholomorphic to (M, J); 2) 7r _1 (0) is a compact Kahler manifold 
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(M, J') which admits a Kahler-Einstein metric q'^e- fact, by [CS], this 
J' is conjugate to Jo- Thus the K-energy is bounded from below on space 
of Kahler potentials on (M, J) by Chen's main result in [Ch]. □ 

The following proposition shows that / is an open set. 

Proposition 7.2. Let (M, J) be a compact Kahler manifold with C\(M) > 
and gxE be a Kahler- Einstein metric with Kahler class 2irci{M) for some 
complex structure J' on M . Suppose that there exists a Kahler metric (J, go) 
with Kahler class 2ttc\{M) such that the KR-flow with the initial metric go 
converges to gxE in the C 3 -topology. Then there exists 5 > depending only 
on gKE and g such that for any Kahler metric g on {M, J) with Kahler class 
2ttci(M) satisfying 

(7-1) \\g - 5o||c3(M) < 8, 

the KR-flow (gt',g) converges to gKE in the C°° -topology. 

Proof. Its proof is identical to that for Proposition 2.1. Since the KR-flow 
is stable in finite time, by our assumption, we see that for any e > 0, there 
exist 5 > and a large T depending only on e and go such that for any 
Kahler metric g on (M, J) with Kahler class 2ttci(M), whenever 

\\9 - 9o\\c 3 (M) < s, 
then the evolved Kahler metric g^ of KR-flow (g t ; g) satisfies 

(7-2) \\gr - 9ke\\c 3 (m) < e- 

We claim that (7.2) holds for any t > T. If the claim is false, there is a 
sequence of Kahler metrics g % on (M, J) with Kahler class 2ttci(M) satisfying 

(7.3) \\g % - go\\c 3 {M) -> 0, as i ->• oo, 
such that there exist U — > oo satisfying: 

(7.4) 2e>\\g i u -g KE \\cHM)>e, 

where g\ is the evolved metric of the KR-flow (gl;g l ) at time ij. Then by 
Cheeger-Gromov's compactness theorem, there exists a subsequence g % ^ of 
g\. which converges to a Kahler metric {goo-, Joo) with property 

(7.5) 2e > lls-oo - gKE\\c*(M) > e- 
Moreover, by the monotonicity of A(-) and (7.3), it is easy to see 

A(5oo) > K9ke)- 

It follows from Lemma 3.4 that g^ is actually a Kahler-Einstein metric on 
(M, Jqo). Consequently, by Theorem 5.1, {goo, Joo) is conjugate to {gKE, J') 
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by a diffeomorphism on M. But this contradicts to (7.5). So the claim is 
true. 

By the claim, we see that 
(7-6) \\g t - 9ke\\c3{m) < C> 

for all Kahler metrics of (gf,g) as long as g satisfies (7.1). Then there exists 
a sequence {5^} of gt which converges to a Kahler-Ricci soliton g^ accord- 
ing to Lemma 3.5. Moreover, since the K-energy is bounded from below 
according to Lemma 7.1, one can easily show that goo is actually a Kahler- 
Einstein metric, which has to be conjugate to gxE by a diffeomorphism of 
M. Therefore, the flow (gt',g) converges to qke in the C°°-topology. 

□ 

Proof of Theorem 1.2. By Proposition 17.21 we only need to prove that / is 
closed. However, the proof of Theorem 2.3 still applies here since Corollary 
4.6 is still true by Lemma 7.1. So we refer the readers to Section 6 for 
showing that / is closed. 

□ 

8. Appendix 

In this appendix, we give a uniform L°°-estimate for minimizing solutions 
of (3.5) associated to the evolved Kahler metrics of KR-flow. The result was 
used in Section 4 and is of independent interest. 

Proposition 8.1. Let f = ft be a minimizer of W(gt, ■) for the evolved 
Kahler metrics g = gt of (2.1). Then f is uniformly bounded. 

Proof. Let u = e 2 . Then by (3.5), u satisfies 

(8.1) Au-~fu-^Ru=~\(g)u. 

Since the scalar curvature R is uniformly bounded by Lemma 4.1, we have 

(8.2) -Am < u 1+s + C s , 

for any 5 > 0. Thus for any p > 1, we have 

-u E A u ~< P u p+ s + Cs- U p- 1+5 . 
~ 2 2 

By the integration by parts, we get 

/ \Vu E \ 2 dV g <p([ U P +s dV g + C{) 
Jm Jm 

< p[(\\u\\ (i ±£H )t^)(||m|| l( i +£ )p) 1 ^ + Cx] 

L e 

(8.3) < C 2P [(\\ii\\ L(1+c)p )^ + 1], 
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where e < At the last inequality we used the fact J M u 2 = f M dV g = V. 
On the other hand, since the scalar curvature R is uniformly bounded, we 
have the Sobolev inequality (cf. [Zha]): 



> $o / ip—dv g - c / rdv g , 

M J M J M 

for any VF 1,2 -function tp, where 60 and Co are uniform constants. In partic- 

P 

ular, for ip = , we have 

/ \Vu P i\ 2 dV g >5 (\\u\\ ™ )^-C f tfdVg. 
Jm l Jm 

Thus we derive from (8.3) 

|M| JW < {C 3 p)p(\\u\\ L (l + e)p + 1). 
Li n z 

Iterating the above over p, we can deduce 

IMIl- < C 4 ( f u 2 dV g + 1) = C 4 (V + 1), 

JM 

consequently, 

(8.4) / > -C. 

Note the normalized condition J M e^^dV g = V. By (8.4), we can find an 
A and an open set Ea of M for each / such that 

f e h dV g > 5, 
JE A 

where Ea C {x € M| f(x) < A} and h = h t \s the Ricci potential function 
of g = gt with the normalization 



JM 



dVg = V. 



Note that h is uniformly bounded by Lemma 4.1. Hence, we have 
/ /e>W 9 = / /e'Wg + / fe h dV g 

JM JM\E A JE A 



1 1 

2 / /. \ 2 



< ( /' e'wJ ( /' /v,/\;„ 1 -i ( 1. 

\JM\E A J \JM\E A , 



It follows 



(8.5) / f 2 e h dV g >-!—([ fe h dV g ) 2 -a([ f 2 e h dV g )^-C, 
Jm v - j M j m 

for some constant a, C > 0. On the other hand, by integrating (3.5) at both 
two sides, we have 

/ \Vf\ 2 dVg< [ fdVg + C". 

Jm Jm 
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Then by using the following weighted Poincare's inequality (cf. [TZ3]), 
/ |V/|VW 9 >/ fe h dV g -±([ fe h dV g f, 

JM JM v JM 

we obtain 

(8.6) / fe h dV g <hf fe h dV g ) 2 + b[ fdV g + C", 

JM v JM JM 

for some constant b, C" > 0. Combining this with (8.5), we deduce 

/ f 2 e h dV g <C 6 , 

JM 

consequently, 

(8.7) f f 2 dV g <C 7 . 

JM 

It follows from (3.5) that / satisfies, 

Af>-f-B. 

Then by the standard L°°-estimate for elliptic equations of second order, we 
have 

\\f + \\L^<C([ fdV g + l)<C 8 , 

JM 

where / + = max{/, 0}. Thus we have proved that / is uniformly bounded. 

□ 
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